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Motivated by experimental observations of time-symmetry breaking behavior in a periodically
driven (Floquet) system, we study a one-dimensional spin model to explore the stability of such
Floquet discrete time crystals (DTCs) under the interplay between interaction and the microwave
driving. For intermediate interactions and high drivings, from the time evolution of both strobo-
scopic spin polarization and mutual information between two ends, we show that Floquet DTCs can
exist in a prethermal time regime without the tuning of strong disorder. For much weak interactions
the system is a symmetry-unbroken phase, while for strong interactions it gives its way to a thermal
phase. Through analyzing the entanglement dynamics, we show that large driving fields protect
the prethermal DTCs from many-body localization and thermalization. Our results suggest that
by increasing the spin interaction, one can drive the experimental system into optimal regime for
observing a robust prethermal DTC phase.
I. INTRODUCTION
Recently, Wilczek proposed a concept of quantum time
crystals which spontaneously break the continuous time
translational symmetry into a discrete case1. However
for thermodynamic equilibrium system, this kind of time
crystal could not exist following a no-go theorem2,3. Al-
ternately, Sacha first proposed a new strategy using a
periodically driven (Floquet) system to simulate the dis-
crete time-translation symmetry breaking4. Later, Khe-
mani et. al. in Ref.5 and Else et. al. in Ref.6 respec-
tively construct a more concrete example of time sym-
metry breaking in non-equilibrium Floquet eigenstates
of matter without stationary analogs7. In the presence
of high-frequency driving and strong disorder, the Flo-
quet eigenstates realize Floquet-many-body-localization
(Floquet-MBL), which are robust against the eigenstate
thermalization8–10 and can host symmetry-broken or
topological-ordered phases in highly excited states11–15.
Such a phase that spontaneously breaks discrete time-
translational symmetry is dubbed the Floquet “discrete
time crystals” (DTC), which have been demonstrated in
recent theoretical and numerical studies6,16–19.
In pioneering experiments, the DTCs are observed in
one-dimensional trapped ions20 and three-dimensional
spins in diamond21 with long range dipolar interaction
and random disorder. However, the disorder strength in
Ref.21, is still much weaker than what is desired for driv-
ing an interacting three-dimensional system into a MBL
phase, especially in the presence of long range dipolar in-
teraction for the experimental system, which may further
enhance delocalization in three dimensions22. The dis-
order strength is also much weaker than the microwave
driving field, which makes the connection between the
observed DTC and the disorder-protected Floquet-MBL
ambiguous. Thus, the experimentally observed DTC de-
mands further theoretical studies. A perturbative study
of this 3D related model without disorder leads to a crit-
ical time crystal23. For general periodically driven sys-
tems, when subject to a high-frequency periodic driv-
ing, the energy absorption rate is exponentially small
in the driving frequency for any initial state24,25, and
it is shown that Floquet time crystals can be stabilized
in the so-called prethermal phases without the need for
strong disorder, before eventually heating into a ther-
mal phase26,27. Another possibility is that the observed
DTC falls into the short time regime before reaching
the prethermal state, as suggested in Ref.26. Clearly, by
tuning driving frequency and other couplings, the com-
plex interplay between interactions and disorder may ei-
ther further strengthen DTC behavior or lead to com-
peting phases28. Recently, possible realizations of clean
Floquet DTC are proposed in different non-localized se-
tups29,30, but not in a prethermal regime. Neverthe-
less, the existence of Floquet DTC without disorder indi-
cates other possible physical mechanisms instead of the
Floquet-MBL nature, and would demand a more care-
ful theoretical explanation of the DTC behavior in pe-
riodically driven systems, which also stimulates us to
investigate the role of disorder in our theoretical mod-
els. Taken together, these theoretical and experimental
studies have raised critical issues regarding the nature
of possible non-equilibrium quantum phases in such sys-
tems and the mechanism for the experimentally observed
DTC behaviors remains not well understood.
In this work, we study the time evolutions of one-
dimensional periodically driven Floquet interacting spin
chain with disorder, and address the possible prether-
mal DTC in non-localized systems. We establish the ex-
istence of the prethermal DTC phase identified by the
steady plateaux in the nonequilibrium dynamics of the
system (e.g., evolution of any local observables)26,27 at
times t . t∗, from two signatures: a) steady stroboscopic
spin polarization in each Floquet cycle and b) robust mu-
tual information between two ends. From the dynamics
of the spin polarization and mutual information, we map
out the phase diagram and illustrate the dynamical phase
transitions by tuning interaction and other couplings like
spin flipping terms as in experiments.
This paper is organized as follows. In Sec. II, we give
a description of the one-dimensional time-dependent pe-
2riodic spin Hamiltonian, as experimentally realized. In
Sec. III, we present the phase diagram of prethermal
DTC from the nonequilibrium dynamics under the inter-
play among interactions, time scale, disorder strength,
and driving field via the time-dependent density matrix
renormalization group method. In Sec. IV, we discuss
the effect of driving field through analyzing the entan-
glement dynamics. In Sec. V, we discuss the dynamical
phase transitions by tuning coupling parameters. Finally,
in Sec. VI, we summarize our results and discuss the ex-
perimental implication.
II. THE MODEL HAMILTONIAN
We consider the one-dimensional time-dependent peri-
odic spin Hamiltonian H(t) = H(t+ T ),
H(t) =
∑
i
ΩxS
x
i +∆iS
z
i +Hi,i+1, 0 < t < τ1, (1)
H(t) =
∑
i
Ωy(1− ǫ)S
y
i +∆iS
z
i +Hi,i+1, τ1 < t < T,
(2)
with Hi,i+1 = J(S
x
i S
x
i+1 + S
y
i S
y
i+1 − S
z
i S
z
i+1) and the
time period T = τ1 + τ2. Ωx(Ωy) is the Rabi frequency
of the microwave driving. ∆i ∈ (−W,W ) is a quasir-
andom disorder31. J is the strength of the orientation
dependent nearest-neighbour spin couplings32. Given
that Ωx(Ωy) ≫ W,J in experiments, an effective S
x-
polarization-conserving Hamiltonian during τ1 is given
by
He(t) =
∑
i
ΩxS
x
i + JS
x
i S
x
i+1,
while the global spin rotation term
He(t) =
∑
i
ΩyS
y
i
during τ2 flips the x-direction spin polarization S
x, which
illustrates the 2T -periodic response of the system as dis-
cussed in Refs.21,23.
In close relationship to experiments, typically we take
the parameters ǫ = 0.038,Ωy = 10π, τ2 = 0.1 unless oth-
erwise specified, thus, Ωyτ2 = π takes the role of spin
flipping. In the following, we explore the non-equilibrium
Floquet dynamics U(T ) = T exp(−i
∫ T
0
H(t)dt) of the
full Hamiltonian from Eqs. 1 and 2 in one-dimensional
spin chain, and discuss the effects of interactions J , time
scale λ = τ1/τ2, disorder strengthW , and driving field Ωx
via the time-dependent density matrix renormalization
group method based on a matrix product state (MPS)
representation33 with a maximal bond dimension 300,
which allows well converged results. For the time evolu-
tion, we take the time step ∆t = 0.01, and use a second-
order Trotter decomposition within this time step, up to
a maximum chain length L = 30.
0.5 1 1.5 2 2.5
0
0.2
0.4
0.6
Ω
x
τ1/(2pi)
J/Ω
x
(a) W=0
SUP
Prethermal DTC
Thermal
2 4 6 8 10
0
0.05
0.1
0.15
0.2
λ=τ1/τ2
J/Ω
x
(b) W=4
SUP
Prethermal DTC
Thermal
20 40 60 80 100
−0.5
0
0.5
Floquet cycle, n
P(n
T)
 
 
(c) J=3,λ=4 J=7,λ=4
20 40 60 80 100
−0.5
0
0.5
Floquet cycle, n
P(n
T)
 
 
(d) J=0.5,λ=3
J=0.5,λ=10
FIG. 1. (Color online) Phase diagram plotted in the parame-
ter plane (a) the phase Ωxτ1/2π and the ratio J/Ωx at λ = 4
without disorder W = 0 and (b) the ratio λ and the inter-
action J/Ωx at Ωx = 41.2 with disorder W = 4. The time
evolution of spin polarization P (nT ) under disorder W = 4
in Fig. 1(b) for (c) different interactions J at λ = 4 and (d)
different interaction time scales at weak interaction J = 0.5.
In the intermediate interaction regime, a DTC behavior can
occur in a prethermal regime of the system without the need
for fine tuning and strong disorder. The green dashed bound-
ary line is depicted by the emergence of the steady plateaux
of P (nT ) and I(nT ) as in Fig. 5, while the red dashed bound-
ary line indicates the disappearance of the steady plateaux of
P (nT ) and I(nT ) when J increases as in Fig. 2. The param-
eters ǫ = 0.038,Ωyτ2 = π.
According to two equivalent definitions of Floquet time
crystal6,34, to probe the existence of time-crystalline or-
der, we choose two different kinds of the initial states: (i)
the random product initial states |ψs(t = 0)〉 = |{si}〉,
where |s〉, s = ± 1
2
are the eigenvectors of the Pauli spin
operator Sx, in order to demonstrate the broken time-
translational symmetry from the expectation value of lo-
cal spin polarization in the middle of the chain P (t) =
〈ψ(t)|Sxi=L/2|ψ(t)〉 6= P (t+ T ) at stroboscopic times; (ii)
the long-range correlated initial states |ψl(t = 0)〉 =
1√
2
(
eiτ1Eh |{si}〉 ± e
−iτ1Eh |{−si}〉
)
, in order to demon-
strate the broken time-translational symmetry from the
mutual information between the two ends of the spin
chain I(t) = SA + SB − SAB ∼ log 2, where SA(SB)
is the von Neumann entropy of the reduced density ma-
trix for site A(B). Here Eh satisfies
∑
i ΩxS
x
i |{si}〉 =
2Eh({si})|{si}〉, and |ψl〉 becomes Floquet eigenstates of
the evolution operator Ue(T ) = T exp(−i
∫ T
0
He(t)dt) of
the effective Floquet Hamiltonian He(t), which exhibits
the spatiotemporal order16.
We emphasize that |ψl〉 is not the true Floquet eigen-
states of the evolution operator U(T ) of the Floquet
Hamiltonian H(t), mainly for two reasons: (i) numer-
ically we cannot obtain the exact highly-excited eigen-
states of U(T ) from exact diagonalization for large sys-
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FIG. 2. (Color online) (a) The stroboscopic spin polarization
Z(t = nT ) and (b) the mutual information I(nT ) with the
increasing interaction strength J . A prethermal DTC phase
is indicated by a robust plateau of both Z(nT ) and I(nT ) at
intermediate times nT . t∗ before eventually heating up to a
thermal phase after nT > t∗. The inset shows an exponential
growth of t∗ vs Ω/J . The parameters W = 4, λ = 4,Ωx =
41.2, ǫ = 0.038,Ωyτ2 = π.
tem sizes L > 20 in this non-integrable Hamiltonian
model Eq. 1; (ii) using |ψl(t = 0)〉 as an approximat-
ing solution of U(T ), we can explore the robustness of
DTC from the mutual information in its non-equilibrium
dynamics |ψl(t = nT )〉 = (U(T ))
n|ψl(t = 0)〉 by con-
sidering the perturbation effects of traverse interaction
term J(Syi S
y
i+1−S
z
i S
z
i+1), time scale λ = τ1/τ2, disorder
strength W , and driving field Ωx, and study the possible
emergence of prethermal Floquet steady states at stro-
boscopic times.
III. PHASE DIAGRAM
Here we study the interplay between local energy scale
Ωx, interaction strength J and interaction time scale
λ = τ1/τ2. Fig. 1(a) plots the phase diagram in parame-
ters (Ωx, J/Ωx) without disorder W = 0, while Fig. 1(b)
plots the phase diagram in parameters (λ, J/Ωx) with a
moderate disorder strength W = 4. For both cases, a
prethermal DTC phase can appear in the sandwich re-
gion for an intermediate ratio J/Ωx.
Figs. 1(c) and 1(d) depict the distinguishing oscillat-
ing behaviors of P (nT ) in the different phase regions of
Fig. 1(b) by tuning interaction J and λ for fixed driving
field and disorder. For very strong interactions J ≫ 1,
P (nT ) decays rapidly and the 2T -periodicity is com-
pletely destroyed, where the phase is a thermal phase, as
indicated in Fig. 1(c). For very weak interactions J ≪ 1,
P (nT ) exhibits an uncorrelated oscillation with two in-
commensurate peaks of the corresponding Fourier spec-
tra S(ω) =
∑
n P (nT )e
i2pinω at ω = (1± ǫ)/2, where the
phase is taken as a symmetry-unbroken phase (SUP), as
indicated in Fig. 1(d). Only for an intermediate inter-
action strength, spin polarization P (nT ) alternates be-
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FIG. 3. (Color online) Dynamics of the half-chain entan-
glement entropy SL(t) with the initial superposition states
|ψl(t = 0)〉 for: (a) different interactions J at Ωx = 41.2, λ = 4
and (b) different interaction time scales λ at Ωx = 0, J =
0.2, respectively. The parameters W = 4, L = 20, ǫ =
0.038,Ωyτ2 = π.
tween positive and negative values as a steady plateaux
for a sufficiently long time, resulting in a subharmonic
peak at ω = 1/2, where the phase is identified as a
prethermal DTC phase, until the time that is nearly ex-
ponentially long in the ratio of interaction strength to
the drive frequency when the system finally gives its way
to thermalization.
In our model, the dominant non-interacting local en-
ergy ΩxS
x
∼ Ωx/2 is comparable to the drive fre-
quency Ω = 2π/T , while the local interaction energy
JSxi S
x
i+1 ∼ J/4 is much small compared to Ω. In agree-
ment with the analysis of Ref.26,27, for J/Ωx, J/Ω ≪ 1,
the time evolution of our system would exhibit a prether-
mal behavior at times tpre < t < t
∗, where tpre is
the short thermalization time scale of order 2π/J , and
t∗/T ≃ exp(CΩ/J) the characteristic heating time de-
pending on the ratio of driving frequency Ω = 2π/T to
local coupling energy scale J with C a numerical coef-
ficient of order 1. Typically tpre ≪ t
∗, for interaction
parameters J ∼ 1 ≪ Ω. For strong interactions com-
parable to the driving frequency, tpre ∼ t
∗, the prether-
mal regime may be destroyed. Figs. 2(a) and 2(b) show
the dephasing heating effects as the interaction is in-
creased further. The prethermal DTC phase indicated by
a robust plateau of both stroboscopic spin polarization6
Z(nT ) = (−1)nP (nT ) and the mutual information I(nT )
at intermediate times nT . t∗ ∼ exp(CΩ/J) which is fit-
ted in the inset of Fig. 2(a). When nT & t∗, both Z(nT )
and I(nT ) show an exponentially decaying behavior in
the thermal regime. By increasing J , the heating time t∗
collapses exponentially, and the system becomes a com-
pletely thermal phase in the strongly interacting regime
once tpre ≃ t
∗.
IV. EFFECTS OF DRIVING FIELD Ωx
Having built up the stability of a DTC for the interme-
diate regime of interaction, we turn to an analysis of the
robustness of DTC from the disorder effects. Here one
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FIG. 4. (Color online) Dynamics of the half-chain entangle-
ment entropy SL(t) and the mutual information I(t) between
spins on opposite ends of a length chain versus time under
different Ωx with the initial superposition states |ψl(t = 0)〉
for disorder strength (a) W = 0 and (b) W = 4 respectively.
The parameters J = 3, λ = 4, L = 20, ǫ = 0.038,Ωyτ2 = π.
important issue is whether the presence of disorder plays
an essential role on the stability of the observed DTC
phase. The interplay between interaction and disorder
may lead to MBL, where a stable Floquet-MBL phase
may occur for weak interaction, strong disorder and high
driving frequency8–10. The hallmark signature of MBL is
the unbounded logarithmic growth of the half-chain sub-
system entanglement entropy9,35,36, which can be used
to distinguish the MBL phase from other phases.
For large driving field Ωx ≫ W , with the initial su-
perposition state |ψl(t = 0)〉, we plot its entanglement
dynamics in Fig. 3(a) in the different phase regions of
Fig. 1(b). In the early time regime n . 10, the entangle-
ment grows slowly. In the later regime n > 10, the en-
tanglement entropy SL(nT ) increases as n
α against the
Floquet cycle, as indicated by the fitted dashed line in
Fig. 3(a). This power law behavior of ballistic spread-
ing of entanglement is shown to be general in a diffusive
nonintegrable system37,38 observed here for both SUP
and thermal phases. In a longer time regime n > 102
for weak interaction J ≪ W , the entanglement entropy
of the SUP oscillates around a large value with large
entropy fluctuations, and converges slowly, which is ex-
pected for the effective dominating integrable Ising model
He(t) =
∑
iΩxS
x
i + JS
x
i S
x
i+1 as in Ref.
38, while the en-
tanglement entropy of the thermal phase gradually satu-
rates to a finite large value bounded by the maximal Page
value39. The entanglement entropy of the prethermal
DTC only arrives at a small saturated value, demonstrat-
ing its non-thermalization for a steady symmetry-broken
phase.
Once the driving field is turned off Ωx = 0, the system
is dominated by the random-field Heisenberg chain H =∑
i∆iS
z
i + J(S
x
i S
x
i+1 + S
y
i S
y
i+1 − S
z
i S
z
i+1), which would
exhibit a MBL behavior for disorder strength W/J ≥
(W/J)c ∼ 2 − 4
40–43. For Ωx = 0,W/J ≫ (W/J)c,
we plot its entanglement dynamics in Fig. 3(b), where
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FIG. 5. (Color online) The non-equilibrium dynamics of the
mutual information between spins on opposite ends of a length
chain with the initial superposition states |ψl(t = 0)〉. (a)
I(nT ) and (b) 〈I〉 versus J at ǫ = 0.038. (c) I(nT ) and (d) 〈I〉
versus ǫ at J = 3. The parameters λ = 4,Ωx = 41.2, W = 4.
the system turns into a MBL phase. In the presence
of strong disorder and high driving frequency W,Ω≫ J ,
SL(nT ) has the logarithmic growth before reaching a sat-
urated thermal value. Thus by comparing the different
entanglement growth behaviors in time from Figs. 3(a)
with large Ωx and 3(b) without Ωx, we exclude the pos-
sibility of a Floquet-MBL protected DTC or SUP phase
of our phase diagram in Fig. 1(b) for large driving field
Ωx ≫ W , demonstrating no requirement of disorder for
the existence of DTC.
For W/J ≪ (W/J)c, we plot the behavior of the mu-
tual information and entanglement entropy at different
magnitudes Ωx in Fig. 4(a) and 4(b). For large Ωx, I(nT )
persists to a large value close to log 2, and SL(nT ) re-
mains a small non-thermalized value of the order 1 at
long times. When Ωx is decreased, the prethermal con-
dition J/Ωx ≪ 1 would be gradually violated
26, and the
thermal dephasing effect from interaction begins to dom-
inate. When J ∼ Ωx, we find that I(nT ) drops dra-
matically down to a vanishing value, and SL(nT ) quickly
grows to a saturated large value bounded by the maximal
thermal value, as indicated in Fig. 4. Thus the driving
field Ωx would protect the prethermal DTC from either
MBL or thermalization.
V. PHASE TRANSITIONS
We now consider the dynamical quantum phase tran-
sition when interaction and imperfect spin flipping are
tuned. The effective Hamiltonian He(t) has a hidden
emergent Ising symmetry Sx → −Sx, and the dynamical
transition signature from DTC to the trivial paramagnet
can be obtained from the non-equilibrium dynamics of
the mutual information16,17. For much weaker interac-
5tions J/Ωx ≪ 0.1, as indicated in Fig. 5(a), the spins are
almost un-correlated and the mutual information I(nT )
drops from the initial value log 2 down to a vanishingly
small time-averaged value 〈I〉 at long times. As the in-
teraction increases J/Ωx ∼ 0.1, the spins are gradually
correlated to each other by interaction effects, and I(nT )
persists at a stable large value for a long time, where the
deviation from the ideal value log 2 may be due to im-
perfect flipping ǫ and traverse interaction terms. Simi-
larly, with the initial product states |ψs(t = 0)〉, the spin
polarization P (nT ) also exhibits a robust 2T -periodicity
demonstrating a prethermal phase when time nT < t∗.
In Fig. 5(b), we plot the time-averaged mutual informa-
tion 〈I〉 in the prethermal regime as a function of inter-
action strength J . Clearly, we see that by increasing the
interaction strength or time scale τ1, the observed DTC
behavior lasts for longer time, which is also experimen-
tally observed in Ref.21.
Furthermore, we consider the melting transition in-
duced by the imperfection in the spin flipping ǫ, at fixed
interaction. For large ǫ, the DTC behavior would be re-
placed by the trivial Floquet paramagnet with the rigid-
ity of the ω = 1/2 peak being destroyed. As depicted in
Fig. 5(c) and 5(d), the mutual information I(t) shows a
steady plateau after the short thermalization time scale
2π/J ∼ 10T , and persists to a robust nonzero value 〈I〉
in the prethermal regime. As ǫ increases, 〈I〉 gradually
collapses down to zero for all the system sizes.
VI. SUMMARY AND DISCUSSIONS
In summary we have presented an analysis of the
prethermal Floquet DTC at long times for one dimen-
sional systems far away from equilibrium. The prether-
mal Floquet DTC is characterized by the persistent time
evolution of both stroboscopic spin polarization and ro-
bust mutual information between two ends, before heat-
ing up to a thermal phase. Since the prethermal phase
is mainly determined by the ratio between driving fre-
quency and local interaction26, and does not require the
protection of MBL effect from disorder, we believe the
dimension effect is not important, which is consistent
with the experimental observed prethermal behavior in
the one-dimensional spin chain with long-range dipolar
interaction44. It is expected that our numerical time evo-
lution results would be relevant to experiments.
Experimentally, as Ωx(Ωy)≫ J , the critical short time
scale determined by the Ising interaction tpre ∼ 2π/J ∼
102T at λ = 4 for weak interactions J ∼ 0.1, which is
comparable to the current Floquet cycle. Thus the ob-
served DTC behavor is less robust or may be in the short
time regime. Once interaction J is increased by an or-
der, tpre is reduced by an order of magnitude and a stable
prethermal DTC can be observed within the current Flo-
quet cycle. Thus experimentally it is desirable to investi-
gate whether the observed DTC behavior within current
coherence times falls into the prethermal regime without
the need of Floquet-MBL.
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Appendix A: Two-body reduced density matrix
In this section we describe the two-body reduced den-
sity matrix between two spins A and B at opposite ends.
The general formulism for a two-body reduced density
matrix in the eigenvector basis of Sz representation is
ρ̂AB =
∑
σ1σ2,σ3σ4
ρσ1σ2,σ3σ4 |σ1σ2〉〈σ3σ4|, where σ = ±
1
2
is the eigenvalue of Sz on the eigenvector |σ〉. Thus in
the spin basis representation {|σσ′〉} = {| ↑↑〉, | ↑↓〉, | ↓↓
〉, | ↓↑〉} , ρ̂AB can be written as a 4× 4 matrix
ρ̂AB =


ρ11 ρ12 ρ13 ρ14
ρ21 ρ22 ρ23 ρ24
ρ31 ρ32 ρ33 ρ34
ρ41 ρ42 ρ43 ρ44

 (A1)
The matrix elements of ρ̂AB are related to the two-body
correlation functions
ρ11 = tr
[
ρ̂AB(1/2 + S
z
A)(1/2 + S
z
B)
]
,
ρ22 = tr
[
ρ̂AB(1/2 + S
z
A)(1/2− S
z
B)
]
,
ρ33 = tr
[
ρ̂AB(1/2− S
z
A)(1/2− S
z
B)
]
,
ρ44 = tr
[
ρ̂AB(1/2− S
z
A)(1/2 + S
z
B)
]
,
ρ12 = tr
[
ρ̂ij(1/2 + S
z
A)S
+
B
]
,
ρ13 = tr
[
ρ̂ABS
+
AS
+
B
]
,
ρ23 = tr
[
ρ̂ABS
+
A (1/2− S
z
B)
]
,
ρ24 = tr
[
ρ̂ABS
+
AS
−
B
]
,
ρ14 = tr
[
ρ̂ABS
+
A (1/2 + S
z
B)
]
,
ρ34 = tr
[
ρ̂AB(1/2− S
z
A)S
+
B
]
.
Here the symmetry ραα′ = ρα′α. The eigenvalues ξα of
ρ̂AB can be easily determined by diagonalizing Eq. A1.
Therefore the two-site entanglement entropy of two-body
reduced density matrix is SAB = −
∑
α ξα log ξα. Simi-
larly, we can obtain the single-site entanglement entropy
SA (SB) from its one-body reduced density matrix ρ̂A
(ρ̂B). Finally, the mutual information between sites A
and B of the spin chain I = SA + SB − SAB. For the
ideal long-range correlated states |ψl(t = 0)〉, I = log 2
for any two sites A,B.
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FIG. 6. (Color online) The subharmonic Fourier response of
spin polarization P (nT ) with the short-range correlated state
ψs(t = 0) using 1 ≤ n ≤ 100 Floquet cycles for (a) different
interactions at λ = 4 and (b) different time scale at J = 0.5.
The parameters Ωx = 41.2, W = 4, ǫ = 0.038, L = 24.
Appendix B: Subharmonic Fourier peak
In this section, we study the dependence of the subhar-
monic Fourier peak S(ω) on the local energy scale Ωx, in-
teraction strength J and interaction time scale λ = τ1/τ2.
In the absence of disorder W = 0 and interaction J = 0,
the system is integrable, and with the short-range cor-
related initial states |ψs(t = 0)〉, (i) when Ωxτ1/(2π) is
an integer, P (t = nT ) = (−1)n cos(nǫπ)/2; (ii) when
Ωxτ1/(2π) is a half-integer, P (nT ) = 1/2 for even Flo-
quet cycle n and P (nT ) = − cos(ǫπ)/2 for odd n. When
interaction is turned on, the spins are correlated with
each other. As shown in Figs. 6(a) and 6(b), for weak
interaction J . 1 and short interaction time scale λ ∼ 1,
the subharmonic Fourier peak S(ω) exhibits two incom-
mensurate Fourier peaks at ω = (1 ± ǫ)/2, where the
phase is taken as a symmetry-unbroken phase (SUP);
For very strong interactions J ≫ 1, S(ω) does not ex-
hibit any incommensurate Fourier peaks at any ω, where
the phase is possibly a thermal phase; Only for an in-
termediate interaction strength or long interaction time
scale, S(ω) exhibits one unique incommensurate Fourier
peak at ω = 1/2, where the phase is identified as a DTC
phase.
Further, given an intermediate interaction strength
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FIG. 7. (Color online) (a) The spin polarization P (nT ) and
(b) the subharmonic Fourier response with the short-range
correlated state ψs(t = 0) using 1 ≤ n ≤ 100 Floquet cycles.
The parameters J = 3, λ = 4,W = 4, ǫ = 0.038, L = 24.
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FIG. 8. (Color online) (a) The magnitude of spin polariza-
tion Z(nT ) and (b) the mutual information I(nT ) with differ-
ent chain lengths L. The maximal bond dimension is taken
up to 400. The parameters W = 4, λ = 4,Ωx = 41.2, ǫ =
0.038,Ωyτ2 = π.
and interaction time scale, we plot the spin polariza-
tion P (nT ) and its subharmonic Fourier peak S(ω) as
a function of microwave driving field Ωx in Figs. 7(a)
and 7(b). When Ωx decreases, the spin polarization
P (nT ) decays more quickly, the magnitude of the Fourier
peak S(ω = 1/2) gradually diminishes, and the steady
prethermal plateaux collapses for Ωx . J . Therefore,
large driving fields, acting as a local spin-pinning field,
protect the spin polarization from thermalization.
Appendix C: Finite size effects
In this section we consider the finite system size ef-
fects on the prethermal DTC. As a prethermal DTC
phase is indicated by a robust plateau of both Z(nT )
and I(nT ) before eventually heating up to a thermal
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FIG. 9. (Color online) (a) The magnitude of spin polarization
Z(nT ), (b) the entanglement entropy SL(nT ) and (c) the mu-
tual information I(nT ) at different disorder strengths. The
parameters Ωx = 41.2, λ = 4, ǫ = 0.038, L = 24.
7phase, this picture is physically meaningful when it still
persists for a finite long time in the thermodynamic size
limit4,30. The time-symmetry breaking expectation value
〈ψ(t)|Sxi=L/2|ψ(t) in the prethermal regime should fulfill
two conditions: rigidity and persistence in the thermody-
namic limit. In Figs. 8(a) and 8(b), we plot the strobo-
scopic dynamics of spin polarization and mutual informa-
tion. For different chain lengths, the prethermal plateau
persists as the length L increases up to 30, implying its
existence in the thermodynamic limit.
Appendix D: Strong disorder
In this section we discuss the effect of strong disorder
on the robustness of the prethermal DTC, and analyze
the long-time dynamics of the system for differentW . By
increasing W to W & J , quantitatively, the saturated
value of the entanglement entropy grows up a bit, but
the magnitude of stroboscopic spin polarization Z(nT )
decreases, as shown in Figs. 9(a) and 9(b). Further, in-
creasing disorder strength also reduces the heating time
t∗, as indicated in Fig. 9(c). It seems that for our current
model, strong disorder in the z-direction is not favorable
to the robustness of a prethermal DTC in the traverse
x-direction.
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